We discuss the connection between the incompatibility of quantum measurements, as captured by the notion of joint measurability, and the violation of Bell inequalities. Specifically, we present explicitly a given a set of non jointly measurable POVMs M A with the following property. Considering a bipartite Bell test where Alice uses M A , then for any possible shared entangled state ρ and any set of (possibly infinitely many) POVMs N B performed by Bob, the resulting statistics admits a local model, and can thus never violate any Bell inequality. This shows that quantum measurement incompatibility does not imply Bell nonlocality in general.
The observation of quantum nonlocality-the violation of a Bell inequality by performing local measurements on an entangled state-has deep implications [1, 2] . In particular, for the bipartite case, Bell inequality violation implies that (i) the underlying quantum state must be entangled, (ii) the sets of local quantum measurements performed by one party (Alice) must be incompatible, and (iii) the sets of local quantum measurements performed by the other party (Bob) must be incompatible.
It is natural to ask whether the above links can be reverted. This can be formalized by two specific questions. The first one is whether entanglement implies Bell nonlocality, that is, whether for any entangled state one can find suitable sets of local measurements in order to violate some Bell inequality. This question, first discussed by Werner [3] , has received a lot of attention [2, 4] . The main result is the existence of entangled states admitting a local hidden variable (LHV) model for any possible local measurements [3, 5] . This proves that entanglement does not imply Bell nonlocality. It should be noted that this statement concerns the scenario in which a single copy of the entangled state is used in every round of the Bell test; for more sophisticated scenarios (exploiting e.g. sequential measurements [6, 7] , or many copies [8, 9] ), the relation between entanglement and nonlocality is still not established.
The second question focuses on the link between Bell nonlocality and quantum measurement incompatibility. Specifically, the question is whether any set of incompatible quantum measurements can be used in order to obtain Bell inequality violation [10] [11] [12] [13] .
Here one considers the most general class of quantum measurements, namely positive-operatorvalue-measures (POVMs). The incompatibility of a set of POVMs is characterized via the notion of joint measurability [14] [15] [16] . Loosely speaking, a set of POVMs M is said to be jointly measurable if there exists another POVM (called the mother POVM) such that all POVMs from the set M can be recovered as marginal (i.e. coarse-graining) of the mother POVM.
The question can be precisely formalized as follows: given a set of non jointly measurable POVMs M A performed by Alice, can one always find a shared entangled state ρ and a set of (possibly infinitely many) POVMs M B for Bob such that the resulting statistics violates a Bell inequality. In the present work, we show that the answer is negative, by constructing an explicit example. This shows that quantum measurement incompatibility (in the sense of non joint measurability) does not imply Bell nonlocality.
This result has a number of implications. First, it shows that the non-classicality of quantum measurements is not sufficient in general to generate nonclassical correlations, in the sense of violating a Bell inequality. This is in contrast with recent results [17] [18] [19] proving a one-to-one relation between non joint measurability and quantum steering, a weaker notion of quantum nonlocality. Second, our work shows that the direct connection between the quantum violation of the CHSH inequality (the simplest Bell inequality) and non joint measurability of two binary POVMs proven in Ref. [13] does not hold in general. Finally, our work provides an example of a set of incompatible POVMs admitting a general LHV model. This generalizes previous work [20] where such a model was constructed under the restriction of projective measurements for Bob.
I. PRELIMINARIES
We first introduce notations. A set of N POVMs, given by operators M a|x satisfying
is said to be jointly measurable if there exists one common POVM, M a , with outcomes a = [a x=1 , a x=2 , . . . , a x=N ] where a x gives the outcome of measurement x, that is
where the sum over a \ a x means the sum over all elements of a except for a x . The above equation implies that all N POVMs M a|x are recovered as marginals of the mother POVM M a . Notably, joint measurability of a set of POVMs does not imply that they commute [21] . Any set of POVMs for which no mother POVM can be defined is called incompatible, in the sense of being not jointly measurable. The incompatibility of a given set of POVMs can be characterized by semi-definite programming techniques (SDP) [13, 22] . Moreover, partial joint measurability does not imply full joint measurability in general [14] , contrary to commutation; see Refs [16, 23] for elegant examples. More generally, it is known that any partial compatibility configuration can be realized in quantum theory [24] .
Measurement incompatibility plays a central role in quantum nonlocality. Consider two distant observers, Alice and Bob, performing local measurements on a shared entangled state ρ. Denote by M A = {M a|x } the set of POVMs performed by Alice, and similarly for Bob N B = {N b|y }. The resulting statistics is given by
It is straightforward to show that if the set M A (or N B ) is jointly measurable, then the resulting statistics necessarily admits a local hidden variable model [17, 18] . That is, one can define a shared classical variable λ, distributed according to density q(λ), and local response distributions p A (a|x, λ) and p B (b|y, λ) such that
In the present work we will show that the converse link does not hold in general.
II. MAIN RESULT
Our main result is to show explicitly a set of incompatible POVMs M A , such that for any quantum state ρ and any set of (possibly infinitely many) POVMs M B the resulting statistics admits a LHV model, i.e. a decomposition of the form (4).
Specifically, we consider the continuous set of dicho-
with binary outcome a = ±1. 
III. PROOF
The general structure of the proof is similar to that of Ref. [20] . Nevertheless we describe here all steps for completeness.
Our goal is to show that the statistics A . First, note that since the probabilities (6) are linear in ρ, and the set of local correlations is convex [2] , one can focus on pure states. Also, given that M η * A consists only of qubit measurements, Alice's subsystem can be considered to be a qubit. Then, since the set M η * A is invariant under qubit rotations, we can freely choose the reference frame on Alice's side. Moreover, since we can also choose the reference frame on Bob's side, we can express the shared state ρ in the Schmidt form, i.e. ρ = |φ θ φ θ | with |φ θ = cos θ |00 + sin θ |11 (7) and
For the measurements of Bob, we need to consider all qubit POVMs N b|y . Any such POVM can actually be viewed as a four-outcome qubit measurement followed by classical post-processing [25] .
Therefore, our problem can be reformulated as follows. We must show that the statistics
is local for all θ ∈ [0, π/4], all measurement directionsx, and all four-outcome qubit POVM N b|y . From equation (5), we have that:
where
and ρ B = tr A (|φ θ φ θ |). Note that we have now introduced projective qubit measurements
Thus, our problem has been mapped to the one of finding a LHV model for the class of state ρ η * θ . Importantly the LHV model must work for all θ ∈ [0, π/4], for all projective measurements Π a|x for Alice and for all 4-outcome POVMs N b|y for Bob.
It turns out that the local properties of the states of the form (10) have been recently discussed [26] . However, in this work, local models could be constructed only for the case of local projective measurements. Note that this model is of the form of a local hidden state model, and can thus be straightforwardly extended to the case of POVMs for Alice and projective measurements for Bob. Here, however, we must consider the opposite situation, where Alice performs projective measurements and Bob performs general POVMs. To construct such a model, we make use of the techniques of Refs [27, 28] , i.e. an algorithmic procedure for constructing local models for a given target entangled state. Specifically, we proceed in two steps. First, we will use the method to demonstrate that a given (finite) set of 
A. Step 1: constructing a net of local states
The efficiency of the algorithm of Refs [27, 28] relies on using a finite set of measurements that represents a good approximation of the (continuous) set of measurements which the model should work for. In particular, when considering qubit projective measurements, a geometrical approach based on the Bloch sphere can be applied efficiently, see e.g. [7] . For qubit POVMs however, the situation is much more involved as the Bloch sphere does no longer provide a complete description. Indeed, any extremal qubit POVM has at most four outcomes [25] . Thus, it is described by a set of four POVM elements, which can be parametrized by 12 real numbers (one needs to characterize three 2 × 2 positive semi-definite matrices; the fourth one being determined by normalisation). On the other hand, qubit projective measurements require only two real parameters to be characterised This problem can however be addressed. Here we use a slightly improved version of Protocol 2 of [7] , given in details Appendix A. In this version, the algorithm can take advantage of certain auxiliary states (initially inputted in the code) that are known to admit a local model.
We thus first construct a list of useful auxiliary states that admit a LHV model with the desired property, namely considering all projective measurements for Alice and all POVMs for Bob.
Class 1. We start by constructing LHV models for states ρ η θ for projective measurements (on both sides) using the method of [7] .
More precisely, Ref. [7] presented an efficient implementation of the algorithm of Refs [27, 28] , combined with another numerical method [29] , tailored for the case of the two-qubit Werner state, i.e. ρ η π/4 . A LHV model was presented for η ≃ 0.68. Here we used a similar implementation for states ρ η θ , with θ = 0.65 and θ = 0.6. In these two cases, we find that the state ρ η θ admits a LHV for projective measurements (on both sides) for η = 0.69. Note that this construction, while being based on a numerical heuristic search, can in principle be made fully analytical using the method described in Appendix C of Ref. [7] .
From this, we now construct entangled states admitting a local model for projective measurements for Alice and POVMs on Bob's side. More precisely we make use of Lemma 2 of Ref. [7] (see also [30] ). This tells us that a noisy qubit POVM with elements of the form
can always be simulated from projective measurements (i.e. for any qubit POVM N b|y ) when µ ≤ √ 2/3. Spe-cifically, the statistics of such a noisy POVM can be obtained from a model for projective measurements followed by classical post-processing [31] . This implies that states of the form
where ξ A = tr B (ρ η θ ), now admit a LHV models for POVMs on Bob's side, as desired. The states ξ η θ are thus added to the list.
Class 2. We start from the class of states
where the parameter α is given by
These states admit a local model for POVMs on Alice and projective measurements for Bob [26] . Note that states ξ θ are of the form (10) . We now make use of the extension technique of Ref. [32] ; specifically, from Protocol 2 we have that states of the form
where ξ A = tr B (ξ θ ), now admit a LHV model for POVMs on both sides. The states γ θ are added to the list of auxiliary states. Class 3. Finally, we use the states
with ρ A = tr B (|φ θ φ θ |), and where the parameter α is given by equation (14) . Note that states β θ are of the form (10) up to a permutation of Alice and Bob. This completes our list of auxiliary states. Next, we sample the interval θ ∈ [0, π/4] with 16 equally spaced values, which we denote θ = π/4 : −0.05 : 0. For each value we run the algorithm, including the list of auxiliary states. We make use of 46 projective measurements for Alice and 6 projective measurements for Bob (details in Appendix A). For a given value of θ k , the algorithm returns a value η k such that ρ η k θ k is local. We then run the algorithm again, now adding the previously obtained set of states ρ η k θ k . Here construct a finer net θ = π/4 : −0.005 : 0. We use 16 projective measurements for Alice and 6 projective measurements for Bob.
Finally, we do a last iteration by taking only 6 measurements on both sides and θ = π/4 : −0.001 : 0.
Note that these iterations are done for practical convenience, as they reduce computation time. In principle, one could use directly a fine grid at the first iteration.
In practice, this is limited by computer precision and may lead to some false results in some pathological cases. Again, this issue can in principle be circumvented by using similar techniques to those described in Appendix C of Ref. [7] and working interval arithmetic see Ref.
[33], thus making the construction fully analytical. Typically, implementing this procedure will result in a slight decrease of the final visibility, in most of the cases, of the order of the SDP precision (≈ 10 −8 ), which will essentially not change the result.
B. Continuity arguments
Now that we have obtained a fine net of local states, we must extend the result to the continuous interval.
We first consider the regime of small θ. We use the explicit model for projective measurements of ρ η θ given in Ref. [26] . The model works for η given by condition (14) . To take POVMs into account we use again the method of Ref. [32] . Specifically, we now apply Protocol 2 to the state ρ η θ such that condition (14) is fulfilled. We have thus again a class of states which admit a LHV model for all projective measurements on Alice's side and all POVMs for Bob. 
This lemma is proven in Appendix B of [7] . It allows us to extend a model for the state ρ η θ to the continuous interval [θ, θ ′ ], with visibility η ′ given by (17 
IV. DISCUSSION
We proved that measurement incompatibility does not imply Bell nonlocality in general. Specifically, we have shown that a given set of non-jointly-measurable qubit POVMs can never lead to Bell inequality violation, as it admits a LHV model. Our construction is general, as it considers any possible shared entangled state, and any possible measurements performed by the second observer. We note that a similar result was recently proven by Bene and Vértesi [34] .
An interesting question is to find the minimal setting (in terms of number of POVMs or number of measurement outcomes) in which this results holds. While, our construction involves a set of infinitely many qubit POVMs, one can easily adapt it to construct examples with finitely many POVMs. For instance, in reference [35] the authors presented a set of seven qubit measurements of the form (5) (with vectorsx chosen rather uniformly on the Bloch sphere) that is incompatible for visibility η = 0.524 < min k (η k ) = 0.525, being then an explicit example of a set of finite incompatible Bell local measurements. We note that in the simplest case, namely two binary POVMs, measurement incompatibility does imply Bell nonlocality [13] ; the CHSH Bell inequality being enough here. Moving away from this simplest case, things change. In particular, for sets of three qubit measurements, Bene and Vértesi [34] could recently prove that measurement incompatibility does not imply Bell nonlocality. To complete these results, it would be interesting to study the case of two d-outcome POVMs.
Finally, it would be interesting to see whether there exists a natural notion of measurement incompatibility (stronger than joint measurability) which would always lead to Bell nonlocality.
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Appendix A: Algorithm for LHV models
As stated in the main text we used the algorithmic construction of [7] to find LHV models for states ρ η θ . More precisely we note that for a fixed θ = θ f the state is linear with respect to η and we can thus use Protocol 2 of [7] to find an η = η f such that ρ
We have run a slightly improved version of Protocol 2, which requires to choose finite sets of POVMs {M a|x } and {N b|y } (with associated parameters ν, µ), density matrices ξ A and ξ B and auxiliary states ρ k . We then run the following SDP: 
can be written as a convex combination of the elements of {M a|x }, i.e. M η a = ∑ x p x M a|x (∀a) with ∑ p x = 1 and p x ≥ 0 (and similarly for measurements {N b|y } and given state ξ B ) . The exact value ν * is in general hard to evaluate, but Ref. [7] gives a general procedure to obtain arbitrary good lower bounds on ν * , which is therefore enough for us to make sure that ν ≤ ν * .
Choice of the algorithm parameters
We first took 16 Note that the number of deterministic strategies N = 2 m A 2 m B becomes huge for this case, in which m A = 46. However, we used the technique of [7] (Appendix D), which consists of restricting ourselves to deterministic strategies compatible with the sign response function used in Werner's model [3] , leading to only 1772 deterministic strategies out of the 2 46 available to Alice.
b. Bob's side
Motivated by the form of the states ρ η θ we adapt the algorithm parameters of Bob in function of θ. More precisely for each θ k we set ξ B = ρ B and pick the 6 projective measurements which maximizes the shrinking factor µ for this choice of ξ B . This amounts in 16 different polyhedrons, associated to the 16 values of θ. However, we need to ensure the existence of a model for all POVMs for Bob. In order to do so we consider all relabellings of {P + , P − , 0, 0} for P + being a projector onto a vertex of the polyhedron in the Bloch sphere and P − onto the opposite direction (all 16 polyhedrons have pairwise opposite vertices). In addition we consider the four relabellings of the trivial measurement {1 1, 0, 0, 0}, which comes for free as it cannot help to violate any Bell inequality and consequently does not even need to be inputed in Protocol 2. The set thus have 76 elements, but we need to take into account only 6 of them when running the Protocol, corresponding to the vertices in the upper half sphere of the polyhedron of interest.
We thus computed lower bounds on the shrinking factors for different ξ B . All bounds for µ * in function of θ are given in Tables 1 and 2 . 
ensuring thus that χ β θ admits a LHV models for all POVMs on both sides, as explained in the main text.
We want:
where S is a separable state. Inverting this relation we get:
( [36] ).
